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BASIC LINEAR ALGEBRA

Lemma 1.1: If A is a symmetric n X n matrix, then all of its eigenvalues are real.

Lemma 1.2: Let A; and A; be two eigenvalues of a symmetric matrix A. Let the corresponding
eigenvectors be u;, U;. Then 4; # A; = (ui,uj) =0

Lemma 1.3: Let 1; < --- < A,, be the spectrum of A with the U4, ...u,, being the
corresponding eigenvectors. Then A = Y1 ; AiuiulT. Here u4, ... u, are orthonormal.

Theorem 1.4: If A is a n X n real symmetric matrix, then forall 1 < k < n,

_ vl Av
Ay = min =
verR™\{0},vTu;=0,vie{1,...k—1} V'V

And
vl Av

max
veR™\{0},vTu;=0,Vie{k+1,..n} VIV

Ak=



THE GRAPH LAPLACIAN

We define the adjacency matrix A and the degree matrix D of a graph G = (V, E)

as follows:
A = 1 ifijeE
b 0 otherwise

o _[diifi=]
hJ 0 otherwise

The Graph Laplacian of G is then defined as L = D — A.

We define the n X n matrices L., where e = ij € E as follows: L(i,i) = L(j,j) =
1,L(»i,j) = L(,i) = —1.



PROPERTIES OF THE LAPLACIAN

Lemma 2.1: If L is the graph Laplacian of G = (V,E), L = Y.,cg Le-
Lemma 2.2: Let L be a graph Laplacian. Then L is positive semidefinite.

Lemma 2.3: Let L be a graph Laplacian. Then 1 = (1, ..., 1) is an eigenvector of L
with eigenvalue 0.

Theorem 2.4: Let L be the graph Laplacian of G = (V,E). Then, 1, > 0 iff G is
connected.

Theorem 2.5: Let B € {—1,0,1}"™*" be any arbitrary incidence matrix of G. Then
BB = L.



PROOF OF THEOREM 2.5

We have (BTB)i,j — Ze Be,iBe,j'

When i = j, the only nonzero terms are for those edges which are incident to i, and
the product is 1. Hence, the sum is the degree of the vertex.

For other entries, the term is only nonzero when e is shared by i and j. We can see in
that case, B, ;B j = —1. Therefore, (B"B); j = —1,Vi # j,ij € E.



WHAT ARE WE TRYING TO PROVE?

Theorem 3: There exists an algorithm which takes as input a graph Laplacian L, a
vector b, and an error value € > 0 and returns X such that:

Ix — L¥b|l, < ellL*bll,

Where ||b||; = VbTLb. This algorithm runs in O (m logi) time, where m is the

number of non-zero entries in L. Here L* is the Moore-Penrose pseudoinverse.
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DEFINING THE CIRCUIT

We can associate every edge to be a resistor with a resistance of 1.

Consider a voltage vector v € R", which represents the voltage at each vertex, a
current vector i € R™, which represents the current through each edge, and ¢ € R"

representing the external current supplied to each vertex. Note that (¢, 1) = 0, as no
charge can accumulate in the network.

From Kirchoff’s current law, we have:
BTi=c
From Ohm’s Law, we have:
i=PBv
This gives us:
B'Bv=Lv=c=>v=L%



GRAPHS AS ELECTRICAL NETWORKS

Therefore, the current through an edge ij is (el- — ej)L+C, as the resistance is 1.

We use this to define the effective resistance of e = ij:
T
Rerr(e) = (e —€;) L*(e; — )

We can now consider the currents through any edge, when a unit current is passed
through another edge. This would be given by (in matrix notation)

1 =BL*BT



PROPERTIES OF 11

Lemma 4.1: [] is symmetric.

This is because LT is symmetric.

Lemma 4.2: [1%2 =11

=L =Lt
Proof: [1° = BL* BTB L*BT = BL*LLt BT = BL*BT =11

Lemma 4.3: The eigenvalues of II are either 1 or 0.
Proof: Let v be an eigenvector. We have Av = [Iv = [1?v = A%v, which implies 1 = 0,1.

Lemma 4.4: If G is connected, rank(I) = n—1

Proof: B is full column rank and the rank of Lt is n — 1 if G is connected. Therefore, the rank of II is
n— 1.



A FINAL NOTE ON EFFECTIVE RESISTANCES

Theorem 4.5[': Let T be a spanning tree chosen uniformly at random from all the
spanning trees in . Then the probability that an edge e belongs to the tree is:

Ple € T] = Resr(e) =l(e, e)

[1]: C. D. GODSIL AND G. ROYLE, ALGEBRAIC GRAPH THEORY. SPRINGER, 2001.



WEIGHTED GRAPHS

Let W € R™ ™ sych that W (e, e) = w(e), where w is the weight vector.
We define:
L =B"WB
1= W%BLJFBTW%
If we consider the resistance of an edge to be the inverse of its weight, then all the

results proved before apply, with i = WBvV, as according to Ohm’s law. The definition
of R.rr remains the same, but it used the new definition of the Laplacian.
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INTRODUCTION

As already introduced, graphs are connected to electrical networks.
This connection can be used to spectrally sparsify graphs.

The goal of cut sparsification is, for a given graph G = (V, E) and parameter &, to
find a weighted graph H = (V, E") such that for any cut (S, S5) of V, the weight of
the edges in H that cross the cut is within a multiplicative factor 1 & € of the number
of edges in G that cross this cut, while keeping the number of edges in H small.

This must also be done quickly for various applications.



SPECTRAL SPARSIFICATION

Spectral sparsification is a stronger notion than cut sparsification, and plays an
important role in the construction of Laplacian solvers.

Definition 5.1: Given an undirected graph G = (V/, E) and a parameter € > 0, a
weighted graph H = (V, E') is said to be an £-spectral sparsifier of G if
1 X1 Lyx

<
(1+4+¢&) ™ xTLgx
Where L; and Ly are the graph Laplacians for G and H.

<(1+¢&),vxeR"



SPECTRAL SPARSIFICATION (CONTD.)

The goal is then to minimize the number of edges in H, while constructing it as quickly as

possible. In particular, we want to construct a spectral sparsifier with 0(n/poly(¢)) edges in
O0(m) time.

Note that an g-spectral sparsifier is also a €-cut sparsifier as for any cut, we can plug in 1g,
the indicator for the cut, into the equation.

We shall soon prove the following theorem:

Theorem 5.1: There exists a randomized algorithm that, given a graph G = (V,E) and a

parameter € > 0, constructs a spectral sparsifier H of size O(nlogn /£?) (edges) with
probability 1 —1/n



USING EFFECTIVE RESISTANCES

The algorithm we use is an edge sampling algorithm — we repeatedly sample (with
replacement) edges from the graph G according to a carefully chosen probability
distribution, and then weight these sampled edges proportionally to the inverse of
their probability of their being selected.

Formally, let p, be the probability that edge e is selected, and let Y be the random
variable such that P[Y = e] = p,. Let T be the number of samples. Finally let
Y1, Y,, ..., Yy be i.i.d. copies of Y. Then the weighted multiset of edges is:

() () ()
]JT.le; Z,T'pYZ ) wuny T,T-pYT




PROPERTIES OF ITS LAPLACIAN

Let B be some incidence matrix for G and b, be the column vector corresponding to
edge e in BT. Then L; = BTB. Now define u, % b, /\/p,. Then, by the definition,

we have:
T
Yy — T
=1

Y; i=
Eluyuy| = Z P[Y =e]-u,u} = L,
eeE
From this, it is obvious that E[Ly] = L

Now note that:



CHOOSING THE PROBABILITY DISTRIBUTION

We have to now specify the probability distribution. To do this, we use the intuition
from Theorem 4.5 where we found that effective resistances are related to the
probability of an edge being present in a randomly chosen minimum spanning tree.

R
We let p, € n_el, where R, = R,sr(e). The n — 1 normalization factor is present as
YeR. =mn—1.

While this intuition behind choosing this distribution is not very clear, the idea is to
choose edges proportional to R, as picking a few random minimum spanning trees
for G seems like a good strategy to help in building a spectral sparsifier for it.



PROOF OF THEOREM 5.1

Recall the matrix I1 & BLE BT, which satisfies:

M2 =1
If T1, is the column of II corresponding to edge e, then R, = ||T1,||?
deRe=n—1

I1 is unitarily equivalent to 27:_11 ejejT, where €; is the jth standard basis vector for R™. This is
because I is symmetric (thus normal), and has only two eigenvalues: 1 with multiplicity n — 1 and 0

with multiplicity m — n 4+ 1, same as Z?;ll ejeT.

Next we shall state an important theorem (without proof).



MATRIX CHERNOFF BOUND

Theorem 5.21'%: Let £ > 0 be a small constant. Let M?*? be a random, symmetric PSD matrix
such that E[M] = I, where I is the d-dimensional identity matrix. Let p = sup||M||. Let T be
M

a non-negative integer and let M{, M,, ..., M;

T
1
P TZ M, — E[M)]
=1

- be i.i.d. copies of M. Then,

Te?
>¢e|<2d-exp| ——

This theorem also holds under various other conditions, the one we are interested in being when

!/
E[M] is unitarily equivalent to Zj'l=1 ejejT ,
the bound.

for some 0 < d' < d, in which case d’ replaces d in

[1]R. AHLSWEDE AND A. WINTER, "STRONG CONVERSE FOR IDENTIFICATION VIA QUANTUM CHANNELS," IN IEEE TRANSACTIONS ON INFORMATION THEORY, MARCH 2002



CONDITIONS FOR USING THEOREM 5.2

To use Theorem 5.2, we define v, & I1,/v/Pa, M & vyvy and M; & Vyivgi fori =
1,2, ...,T. Now note that:

E[M] = E[v,v]] = Z nal =1
eEeE

Thus E[M] is unitarily equivalent to Z?;ll ejejT. Also note that:

M|1? R
Il “Re _

Iv.||? =
¢ e De

From this we have ||[M|| < n — 1, so we can apply Theorem 5.2



USING THEOREM 5.2

Define IT & %Zz;l M;
We now use Theorem 5.2 to get:

- Te?
P[Ti =11 > ] < 21— 1) - exp <-m)

By setting T = O(nlogn /£2) we can ensure that this probability of failure is n™*D),

Since Il = BL"(}BT, we have that, for any edge e:
e BL{b, B

=\/ﬁ_\/m_

+
Gue

Ve



PROOF OF THEOREM 5.1 (CONTD.)

Thus, we have:
T

T

_ 1 1

I = TZ Vy,Vy, = TZ BL{uyuy LEBT = BLELyLEBT
i=1 i=1

and,
M =BL:BY = BLEL,LEBT
Thus,
17 = 11 = sup x' (- Mx| _ sup xTBLE(Ly — Lg)LEB™x
x#0 xTx x=0 xTx




PROOF OF THEOREM 5.1 (CONTD.)

Now note that as G is connected, for any Z, if BZ = 0, then Z is parallel to 1. Thus is
we consider only Z # 0 such that (z, 1) = 0, then Bz # 0.

So we substitute X = BZ in the equation to get:
z'BTBLE(Ly — Lg)LtB"Bz
ZzTBTBz
2 LoLt(Ly — Lg)LELcz
AN/
z L,z |

zTL.z

”ﬁ-—fﬂ|2 sup
z+0,(z,1)=0

IT-0| = sup
z#0,(z,1)=0

IT—10| = sup
z#0,(z,1)=0




PROOF OF THEOREM 5.1 (CONTD.)

Thus we have

z' L,z .

> £

Pl su < P[||fi-1|| > ¢] = n~ 2@
LiO,(zE):O ZTLGZ [” ” ]
This completes the proof of Theorem 5.1.

The theorem can be extended to include a running time bound of O(mlog1/¢), however we
shall not be proving that here.



CRUDE SPECTRAL SPARSIFICATION

Instead of requiring knowledge of R,, we can work with the knowledge of g, = R,
for all e. This is a crude spectral sparsifier, and can be easily shown to work with
W < 3. q. random samples. Thus we have a new theorem:

Theorem 5.3: Consider a graph G = (V, E) with edge weights w;, ¥ > 0, and
numbers g, = wg(e)R, foralle. f W ¥ ), q,, then the spectral sparsifier in
Theorem 5.1 upon taking O(W log W log 1/y) samples from the probability
distribution induced by the g,s produces a graph H that satisfies

G <2H <3G
With a probability of at least 1 — y.
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INTRODUCTION

Cholesky Decomposition is a way to solve AX = b where A is symmetric and PD.
However, the same method still works for the Laplacian of a connected graph, as
(b,1) = 0, i.e., we are working in the subspace orthogonal to 1. Here, Lt > 0.

y _ dl u’{ .
Lemma 6.1: Schur’s Lemma: A = > iff
u B

u1“{

> 0.
dq 0

d, >0 and By —



PROOF OF SCHUR'S LEMMA

As A > 0, d; > 0 (consider el Ae; = d;). Now, consider minimising the quadratic
expression z2d + 2zuly + yT B,y over z, for any (fixed) y. The minima is at z =

T T
— u1Y/d1. Thus, the minima is y7 (Bl — u1u1/d1) y. As this is true for all y, By —

T
u1u1/d1 must be PD.

The other direction is trivial.



CHOLESKY DECOMPOSITION

Theorem 6.2: Cholesky Decomposition: If A > 0 and symmetric, then there exists a
lower triangular matrix A, such that 4 = AAT.

Proof:

The theorem is trivially true for a 1 X 1 matrix. Now, say it was true for all (n — 1) X
(n — 1) matrices.

Since A > 0, it is sufficient to express A = AAAT. This is because the positive

definiteness implies that A;; > 0, which means we can write A = (AAl/Z)(AAl/Z)
We can now write A as

T T
dy u'{ . 1 o7 dy 0 . 1 Uy J
u B 1/ I Uy 1
1 1 d1 n-1 O Bl - d]_ 0

Ih—s



PROOF OF CHOLESKY DECOMPOSITION

T
Let the matrix in the middle in the middle be A;. Now let B = B; — ulul/dl. Now, by
Schur’s Lemma, B > 0.

Using the induction hypothesis, we have B = A’A’A’", and

T T T
A1:<1 0’><d1 O’><1 O’]‘)défA,,AA”T
0 A 0 AJ\0 A

T . .
Thus, we have A = A;A”AN"" AL. Now, as the product of lower triangular matrices is
lower triangular, we are done.



USING CHOLESKY DECOMPOSITION

Given a decomposition, we can solve AX = b quickly.

+
We can evaluate b’ = A*b and then x = (AT) b’. Due to the triangular nature of

A, the time taken to calculate the pseudoinverse is of the order of the number of non-
zero elements of A.

If we first permute the rows by a permutation matrix Q and then find the
decomposition, we might find a decomposition with fewer non-zero elements(known as
the fill-in). However, finding the minimum fill-in is NP-hard.



FAST SOLVERS FOR TREES

We try to find a fast solver for LyX = b, where T is a tree.

We can associate every symmetric matrix A with a weighted graph (potentially with
self loops), where A(i,j) is the weight of the edge connecting ij.
Note: This is not the Laplacian of the graph.

Theorem 6.3: Given a symmetric, PSD matrix A and a vector b such that the graph
of A corresponds to a tree, one can find in O(n) time a permutation matrix Q such
that the Cholesky decomposition of QT AQ has at most O(n) nonzero entries.



PROOF OF THEOREM 6.3

We can view the proof of 6.2 as one that modifies the graph. When we recursively
process row [, the resulting graph (corresponding to A4) has the following changes:
All edges ij, i # j are deleted. This corresponds to setting A;(i,j) = 0.

For every pair jk neighbouring to i, a (potentially new) edge is modified. This corresponds to

u1u’{

. . . A, J)AG k)
setting A1 (j, k) = B1(j, k) — Tz)l
dq
Suppose the graph corresponds to the system is a tree, potentially with self loops.
Then in each iteration, we can choose a leaf node, by choosing an appropriate
permutation matrix.



PROOF OF THEOREM 6.3

Since there is a single node adjacent to i, the graph associated with A is a tree.

This implies, we can write A = AAAT where A = A{A, ... A, where each A; is lower
triangular, and has at most one nonzero off-diagonal element.

This gives a Cholesky decomposition with at most O(n) nonzero entries, where in each
iteration O(1) operations are done, which implies the process takes O(n) time.



AN IMPORTANT COROLLARY

Corollary 6.4: If L is the Laplacian of a tree T and b is a vector such that
(b,1) = 0, then the solution of L+x = b can found in O(n) time.

Proof: We can see the graph associated with the Laplacian of a tree is a tree. Hence, by 6.3,
we can find the Cholesky Decomposition of the permuted Laplacian to get AATQTx = Q”b

in 0(n) time.

This is possible despite A not being full rank (as L) is not full rank, as
(b,1) = 0, and thus b is in the column space of L+0Q.

Therefore, this solution can be calculated in the number of nonzero
entries of Ly, i.e., in 0(n) itime
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THE OPTIMIZATION VIEW

We shall formulate solving the equation AX = b as a convex optimization problem.
For this, we assume that A is symmetric and positive-definite.

Solving AX = b is equivalent to finding the minimum of f(X) —

1
fx) & EXTAX —bTx

Since A is PD, V2f = A > 0, so f is strictly convex and thus has a unique minimum X*.
As we already know, this X* must satisfy —

Vfx*) =Ax*—b=0



GRADIENT DESCENT-BASED SOLVER

Since f is convex, we can use the well known gradient descent algorithm to solve for
X", Typically in gradient descent, we start at X, and iterative move from X; to X1
by moving opposite the direction of the gradient of f, which can (here) be calculated
with a single multiplication of a matrix and a vector, which takes time t4 (say).

Theorem 7.1: There is an algorithm GDSOLVE that, given an n X n matrix A > 0, a
vector b and € > 0, finds a vector X such that

Ix — A™bl[, < €||A"bl|4

in time O(t, - k(A)log1/¢), where the condition number of A is defined as k(4) &
A, (A)/A{(A). For a vector v, ||[V||4, & VVvTAv.



THE STEP SIZE

First we define d; £ X* — X; and 1; £ —Vf(x;) = b — Ax; = Ad,.

The step size 1, is a parameter which determines how much to move towards r;, and
def

we have Xt+1 = Xt + 77tl‘t.
We can choose 7, greedily, to minimize f(X;;1). Define g as:
1
gm) & f(x, +nr) = > (x; +nr)TA(x, +nr) — b' (%, —nry)

l‘ér It

It is easy to see that g attains its minimum at 1, = T
t t



ALGORITHM 7.1: GDSouwve

Input: Symmetric, PD matrix A € R™", vector b € R™ and T.
Output: x; € R"”
Xg < 0

fort=0->T-1do
Setr; = b — Ax;

rir;

rgAr,

Set X¢1q = X¢ + ¢y

Set 771: -

end for

return x,



LEMMA 7.2: ||d,,]I2 < (1 — —)-

K(A)
1115

Note two things: d;r; = d; — 1,1 and Iy = I, — . Ar;. This gives Il I, =
T l‘;rl‘
e e — 1
t

Alft ri Ar, = 0, so I, and I, are orthogonal.

Thus, [|d¢41]15 = drtr+114dzt+1 :T(dt - ntth)Trt+1 = d{ 1y, since Iy and Iy,q are
orthogonal. Thus, ||d¢411l2 = dirpyq = d A(dy — me1y)

Now we factor out the ||d;||5 to get

a2 - (1 d; Ar, - (1 r’r, dlA%d,
i 77tdEAdt -~ rfAr, d}Ad,




PROOF OF LEMMA 7.2 AND THEOREM 7.1

Now recall the min-max characterization of eigenvalues (Theorem 1.5). Thus, the first
factor (in the product inside the brackets) is at most 1/4,,(A) while the second factor

is at least A1 (A) [since A > 0, AY?d, # 0 so we can shift one of the As around in the
product]. Thus, [ld¢41 117 < (1 — 1/k(A))]Id¢ |15

Simply take T = 2k(A)log 1/ to get||d ;|4 < €l|dy]| 4, which completes the proof
of Theorem 7.1
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THE KRYLOV SUBSPACE

Consider the same problem as before, i.e.,

1
min f(x) & EXT Ax — bTx
X

In the previous algorithm, we generated, which generated:
X1 = Xp + 1ol
X; = Xq + 111 = X1 + 11 (1p — MArg) = Xo + 117y — 7170 ATy,

and so on, withryg = b and 1; = b — Ax;.

This implies X; € Xy + K¢, where K is the subspace spanned by {Aib: [ €

{0,1,...,n — 1}} This is known as the Krylov Subspace of order t generated by A
and b.



IDEA BEHIND CONJUGATE GRADIENT

In the previous algorithm, the point we move to might not be the minimizer of f over
the affine space Xy + K. This is what we will do in this algorithm.

Theorem 8.1: There is an algorithm that, given an n X n symmetric matrix A > 0, a
vector b, and € > 0, finds a vector X such that
Ix — A¥bll4 < el|A™b|,

in time O (t\/K(A) log%).

We shall find this algorithm and prove the theorem in the following section.



MOTIVATION FOR PROOQF

We could find the minimizer of f over X + K quickly, if we had a basis of K,
{pO; pl; ey pt_]_} such that:

t—1 t—1
Fxo+ D Bipe | = FG0) = ) (FCxo + i) — £ (X))
i=0 i=0

We could find the minimiser over each [5; separately.

If f is linear, this is trivially true. Thus, we only consider the quadratic portion. For brevity, let
V; = [;p;- Then, evaluating the LHS:

b{xr You) axe You)-peme=waYued(Sn) 43 )

l l l l

The RHS evaluates to );; (XTAVi + %VLTAVL-). The two are equal iff the cross terms VL-TAV]- =0,
whenever i # j.



A-ORTHOGONAL VECTORS

Definition 8.1: Given a symmetric matrix 4, two vectors X,y are A-orthogonal iff

xT Ay = 0.
Thus, we can see that our choices for {py, ..., P;—1} must be A-orthogonal.

With this orthogonal basis, we can calculate a; to be the vectors that minimise

_ pzl‘o
fXo + ap;) — f(Xg). Then, a;

plAry




COMPUTING THE A-ORTHONORMAL BASIS

Gram-Schmidt orthogonalization would take O (t) matrix-vector computations to
calculate pPsyq.

We use the symmetry of A to reduce this to O(1) computations.

We start with pg = 1. Suppose that {py, ..., P;} spans K1, and Ap; € K;,,, for
some i. This is true for i = 0.

Consider Ap;. If Ap; € K11, Kj = Kj41,Vj = i + 1, and we would be done, as this
would span the entire space. Now assume that Ap; € K;,1. Now, we construct p;;1

as follows:
T
(Ap;) Ap;
1 & Ap; — E LA
Pi+1 Pi p}‘Apj p]

Jj<i



COMPUTING THE A-ORTHONORMAL BASIS

This implies that
H;+o = span{ry, Ary, ..., A" 1ry} = span{py, ..., P41}
This completes the induction.

Now, this implies that Ap; can be written as a linear combination of p;, for j < i + 1.
Thus, for all j < i,

(Ap)7T(Ap,) = p{ A(4p;) = Z ¢;jp; Apy

K< +1
Thus, Vj <i—1, (Api)T(Apj) = 0. Thus, we can write p;4; as:
Pert = Ap PZAZPtp Pt A*P p
1= — T Pt~ ~1
o ‘ P: Ap; ‘ Pi—1AP¢-1 ‘



THE COMPLETE CONJUGATE GRADIENT
ALGORITHM

Algorithm 8.1: CGSolve
Input: Symmetric, PD matrix A € R™", b € R", and T
Output: X7 € R™

. Xo<0,ry<Db,pgery
2. fort=0->T —1 do:
PeT
1. ap <
PtApt
2. l‘t — b - AXt
3. Xip1 €< X¢ t+ “tl;tz .
A°pe Pt A“Pt—1
4. — Ap, — 2 — =P
Pt+1 P¢ pTap; P¢ T Apes Pt-1
3. end for

4.  return X



ANALYSIS OF THE ALGORITHM

We can see in n steps, X,, = X", as X" € Xy + K.
What if we want an £-approximate solution?

Since Xt € Xog + K¢, X = X + Zf;g ¥;A'r,. This motivates the definition of p(x) =
L2 yixt. Thus, X; = Xq + p(A)ry,.
Now, as Iy = b — Axy = A(X* — Xy),X; = Xy + p(A)A(X* — X;). Therefore,
Xe =X = ([ —p(AA) Xy —x") = q(A)(xo —X7)
Where q(x) = 1 — xp(x).
Now, there is a one-to-one correspondence between points in Xy + K, and degree

t — 1 polynomials, which has a one-to-one correspondence to degree t polynomials
that evaluate to 1 at 0. Let this set of polynomials be Q.



ANALYSIS OF THE ALGORITHM

Since X, minimises ||X; — X*||4 over X, we get:
* 1 * = * T *
fxe) —fx") = 2 Ix; — x ||§1 = gélgrz(CI(A)(xt —X )) A (CI(A)(Xt —X ))

Lemma 8.2: Let A be a symmetric matrix with eigenvalues A4, ..., A,,. Then, for a
polynomial p(-) and vector v:

(p(AV)TA(p(A)v) < v Av- gggglp(/li)lz



PROOF OF 8.2

We can write A = UTUT, which is the eigendecomposition of A. Now p(4) =
Up(T)UT, giving us:

p()"Ap(T) = Up(DI'p(MU" = UTp*(D)U"

Now, we can write any vector v = Y ; {;u;. Therefore, v p(I')T Ap(I)v =
Y. (2 Aip% (1), and vTAv = Y, {7 4;. The lemma follows trivially.



USING LEMMA 8.2

Using Lemma 8.2, we have:
f(xe) — f(x*) < minmax [q(4)]*f (x¢) — f(x*)
q€Q;t i€[n]
Now, as Ay < - < A,

f(xg) = f(x*) <min_max |q(x)|*f(xo) — f(x*)

qEQt xe[/llrln]
As f(x*) = —% Ix*||%, and £(0) = 0, we have proved:

Lemma 8.3: Let A > 0, A4, 4,, be the smallest and largest eigenvalues of A, and Q;
be the set of polynomials of degree at most t which take value 1 at 0. Then:

X, — x*||5 < |Ix*||2min max x)|?
|Ix¢ Iz < |l ”ACIEthE[Al,An]lq( )|

Thus, any polynomial g € Q; can be used to give an upper bound.



CHEBYSHEV POLYNOMIALS

We recursively define the Chebyshev polynomials (of the first kind) as follows:
To(x) € 1,T{(x) ¥ x
Te(x) = 2xTp_1(x) — Te—2(x)

Lemma 8.5: T;(cos 8) = cos tf. Specifically, T:([—1,1]) € [—1,1].

Proof: This is true for the base case. Now, cos(t + 1) 8 — cos(t — 1) 6 = 2 cos 6 cos tl, and thus we
are done.

Now, for 0 < a < b, we define:

Qa,b,t (x) =




PROOF OF 8.1

We can see that Qg ¢ € Q[, and for x € [a, b], the numerator is at most 1, by lemma 8.5. Now, taking a =

A1, b = A, we have, Vx € [A4, 1,

1+ a0\ A)+1\
Q)11,/1n't (x) =T <)L — Ai) =T <ZEA;—_1>

One can show, using cosh that

T(K(A)+1>_1 Jx(A) +1 t+ k@) — 1\
“\k@ -1 2\\ k@ -1 Jr@) + 1

This gives us:

Jr(A) — 1>t

k(A)+1

Thus, by Lemma 8.3, for any t > () (\/K(A) log 8_1), after t steps of CGSolve, we get:
fx) = f(X*) < e*(f(x0) — f(x*)) = lIx— A*b|4, < £]|A*b]l,

Qi 1,t(X) < 2(



CHEBYSHEV ITERATION

In CGSolve, the output is not linear in the input, i.e., we want sequence of polynomials
such that X; = p;(A)b.

As in the proof of 8.3, it is sufficient to define p;s such that:
t
max p () =11 < 0 (1= 4i/22)
Which gives us:
t
Ixe — A*bll, < 0 (1—-yA;1/2;) 11A*bII3

We can set p; = Q3, 1, + to get this bound. Further, we can see that if 0 < A; < 4, is
used in place of A; and Ay, = A, is used in place of 4,,, we get a similar bound.



CHEBYSHEV ITERATION

We can calculate the polynomial Q3 3+ using recursion, using the definitions shown before.

The iteration proceeds as follows:
XO = 0, Xl = b

Xt = azAXt_l + aA1X¢—_2 + aob

The values of a; depend on A; and A,,.
Theorem 8.6['l: There is an algorithm, which takes a n X n symmetric PD matrix 4, a vector b,
numbers 0 < A; < A, and 4, = 4,,, and an error parameter € > 0 and returns X such that:
a)  llx—Abll4 < ellATb|l4
b) X = Zb, where Z only depends on A and &.
c) |1Z —At|| < ¢

This algorithm runs in O(tA\//lu//ll log(e_l/ll_l)) time.
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