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Lower Bounds on Monotone Circuits?
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f : {0, 1}n → {0, 1}
Connections:

■ Communication Complexity
Karchmer–Wigderson games

■ Proof Complexity
Monotone Feasible Interpolation

■ LP Extension Complexity
Hrubeš–Razborov / Göös–Jain–Watson

■ Cryptography
Secret Sharing
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Lifting Theorem
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Theorem

n-variate k-CNF F

Resolution width ≥ w
=⇒

nO(k)-variate function f

Monotone circuit size ≥ nΩ(w)
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▶ Wires carry values in R; Inputs/Outputs ∈ {0, 1}.
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Monotone (Real) Circuit Complexity of Xor-Satn is 2nΩ(1)
.

Corollary

Method of
Approximations

Monotone vs Non-monotone
Separations

▶ Xor-Sat ∈ NC2

▶ Matching ∈ RNC2 [Razborov 85]

▶ Tardos ∈ P [Tardos 88]
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Communication Complexity [Yao79]

x y

o ∈ R(x, y)

CC(R) := number of bits

Search Problem R
Relation R ⊆ X ×Y ×O

Alice: x ∈ X
Bob: y ∈ Y
Output: o ∈ R(x, y)
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CC(R) := number of bits

= depth of protocol tree
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Communication Complexity⇐⇒Monotone Circuits

Search Problem mKW f

monotone f : {0, 1}n → {0, 1}
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Communication Complexity⇐⇒Monotone Circuits Formulas

Search Problem mKW f

monotone f : {0, 1}n → {0, 1}

[Karchmer-Wigderson 88]

Alice: x ∈ f−1(1)

Bob: y ∈ f−1(0)

Output: i s.t. xi = 1, yi = 0

∨
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CC(mKW f ) = Θ(log(Mon-Formula-size( f )))

Theorem [KW 88]
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Query Complexity

z2?

z1?

z2 = 0

a

z1 = 0

b

z1 = 1

c

z2 = 1

DT(R) := number of bits queried

= depth of decision tree

Search Problem S
Relation S ⊆ {0, 1}n ×O

Input: z ∈ {0, 1}n

Output: o ∈ S(z)
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Query Complexity⇐⇒ Resolution Refutations

Search Problem SF
unsatisfiable F = F1 ∧ F2 ∧ · · · ∧ Fm

Input: z ∈ {0, 1}n

Output: i s.t. Fi(z) = 0

z2?

z1?

z2 = 0

(z1 ∨ z2)

z1 = 0

(¬z1 ∨ z2)

z1 = 1

(¬z2)

z2 = 1

F1 F2 F3

DT(SF ) = Resolution-depth(F )

Folklore Observation
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Query-to-Communication Lifting

S

z1 z2 z3 z4 z5

S ⊆ {0, 1}n ×O

S

g

x1 y1

g

x2 y2

g

x3 y3

g

x4 y4

g

x5 y5

S ◦ gn ⊆ X n ×Yn ×O

Compose with
g : X × Y → {0, 1}

Fixed g, such that for all S:

CC(S ◦ gn) ≥ Ω(DT(S) · log m)

Lifting Theorem [Raz-McKenzie 99, …]

g : [m] × {0, 1}m → {0, 1}

g(x, y) = yx

Indexing Gadget

m = nO(1)
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✓

Raz-McKenzie 99

Monotone Formula Complexity of Xor-Satn is 2nΩ(1)
.

[Raz-McKenzie 99, …]

Bottleneck: Decision Trees & Communication Protocols are all tree-like objects.

Challenge: We need to study DAG-like objects!
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Lifting Theorems!

Resolution Refutations

⇐
⇒

Query Complexity

Monotone Circuit Size

⇐
⇒

Dag Comm. ComplexityLifting Theorem

✓ [Razborov 95]

[Sokolov 17]
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dagdt(S) := max width of a node

dagdt(SF ) = Resolution-Width(F )

Theorem

S ⊆ {0, 1}n ×O
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Query dags
Explorer vs. Adversary game: [Pud00, AD08]

• Game state is ρ ∈ {0, 1, ∗}n.

• In each round, Explorer makes a choice:

Query. Explorer chooses i ∈ [n]

Adversary responds b ∈ {0, 1}
Update ρi = b

Forget. Explorer chooses i ∈ [n]

Update ρi = ∗

• Game ends when solution to S can be deduced from ρ.

dagdt(S) := least d such that,

Explorer has a strategy that maintains ρ of width ≤ d.

S ⊆ {0, 1}n ×O

a b c

v

u w

Cv ⊆ Cu ∪ Cw

Cv = ∗ ∗ ∗ ∗ ∗1 0 ∗ 0 1
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Lifting Theorems!

ResolutionWidth

⇐
⇒

Monotone Circuit Size

⇐
⇒

Lifting Theorem

✓ [Razborov 95]

[Sokolov 17]✓[Pud00, AD08]+

DagQuery Complexity Dag Comm. Complexity
Lifting Theorem
[GGKS 18]

S

z1 z2 z3 z4 z5

S ⊆ {0, 1}n ×O

S

g

x1 y1

g

x2 y2

g

x3 y3

g

x4 y4

g

x5 y5

S ◦ gn ⊆ [m]n × ({0, 1}m)n ×O

Compose with
Indm : [m]× {0, 1}m → {0, 1}

Ω(dagdt(S) · log n) ≤ dagcc(S ◦ gn)
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Rectangles are Non-negative Juntas [Göös-Lovett-Meka-Watson-Zuckerman 16]

+ [Göös-K-Pitassi-Watson 17, Göös-Pitassi-Watson 17]

Rectangle R ⊆ [m]n × ({0, 1}m)n

gn(R) is like (b1, b2, . . . , bd︸ ︷︷ ︸
fixed

, ∗, ∗, . . . , ∗︸ ︷︷ ︸
random

)

R is ρ-like for ρ ∈ {0, 1, ∗}n with |fix(ρ)| ≤ d.
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Rectangle R ⊆ [m]n × ({0, 1}m)n

⇝

R =
⊔

i Ri

error

error

▶ Error Ri : contained in m−Ω(d) fraction of all rows/columns.

▶ Non-Error Ri : ρ-like with |fix(ρ)| ≤ d.
(in fact, support achieved on a single row)
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Proof Outline: dagdt(S) ≤ O(dagcc(S ◦ gn)/ log n)

a b cb

Pre-processing:
• Partition all Rv =

⊔
i Ri

v, each Ri
v is ρ-like for |fix(ρ)| ≤ d.

(Simplified proof: assume no error rectangles)

Extract width-O(d) explorer strategy:
• Invariant: Game state ρ : maintain ρ-like R′ ⊆ Rv.

1. Root: ρ = ∗n and R′ = Rroot = X ×Y .

2. Internal node: ρ =

3. Leaf: Output ov valid for R ⊇ R′ and hence for ρ. Game ends!

∗ ∗ ∗ ∗ ∗ ∗ ∗∗ ∗ ∗ 0 1 0 0

Rw
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DagQuery Complexity Dag Comm. Complexity

Monotone Circuit Complexity of Xor-Satn is 2nΩ(1)
.

Corollary
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Lifting Theorems!

ResolutionWidth Monotone Circuits
Lifting Theorem

[GGKS 18]

Stronger Lifting Theorem
[GGKS 18]Key technique. Partitioning triangles into junta-like rectangles!

Rectangle Triangle

Monotone Real Circuits
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▶ Proof of refutation ends in 0 ≥ 1.

Theorem

n-variate k-CNF F

Resolution width ≥ w
=⇒

nO(1)-variate 2k-CNF F̃
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Cutting Plane Refutations
18 / 23



Is there a broader context to these lifting theorems?
(or does it sit alone in a corner?)
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Query

Total Search Problem SF
unsatisfiable k-CNF F = F1 ∧ · · · ∧ Fm

Input: z ∈ {0, 1}n

Output: i s.t. Fi(z) = 0

Communication

Total Search Problem mKW f
monotone f : {0, 1}n → {0, 1}

Input: (x, y) ∈ f−1(1)× f−1(0)

Output: i s.t. xi = 1, yi = 0
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Total Search Problem SF
unsatisfiable k-CNF F = F1 ∧ · · · ∧ Fm

Input: z ∈ {0, 1}n

Output: i s.t. Fi(z) = 0

Non-deterministic query cost of SF = k

{SF }F is complete for total search problems

with non-deterministic query cost k

Observation. [LNNW95]

Communication

Total Search Problem mKW f
monotone f : {0, 1}n → {0, 1}

Input: (x, y) ∈ f−1(1)× f−1(0)

Output: i s.t. xi = 1, yi = 0

Non-deterministic comm. cost of mKW f = log n

{
mKW f

}
f
is complete for total search problems

with non-deterministic comm. cost log n

Observation. [Gál01]
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Every dag

has a sink

Every graph with an odd-

degree vertex has another

Pigeon-hole Principle

M

Mdt : query

Mcc : communication

Complexity Classes in Communication Complexity Theory [Babai-Frankl-Simon 86]

The Landscape of Communication Complexity Classes [Göös-Pitassi-Watson 15]
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Lifting Theorems!

ResolutionWidth

⇐
⇒

Query Dags

Monotone Circuits

⇐
⇒

Communication Dags
Lifting Theorem

[GGKS 18]

Razborov95

Sokolov17
[Pud00, AD08]+

21 / 23



Lifting Theorems!
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Lifting Theorems!
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Lifting Theorems!

F2-Nullstellensatz

⇐
⇒

PPAdt

Monotone F2-Span Programs

⇐
⇒

PPAccLifting Theorem
[Pitassi-Robere 18]

Gál01[GKRS 19][GKRS 19]Pitassi
Robere18

Every graph with an odd

degree vertex has another
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PPP PPA PPAp

TFNP

FNP

=
formulas

tree-like resolution

=
circuits

dag-like resolution

=
Fp-span programs

NSFp degree

▶ studies PPAp in Turing machine world
(concurrently by [Hollender 19])

▶ natural complete problem based on
Chevalley-Warning theorem.

▶ potentially captures many more
natural problems!

[Göös-K-Sotiraki-Zampetakis 19]
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In Conclusion...

Resolution Monotone Circuits

Cutting Planes Monotone Real Circuits

Lifting Theorem
Stronger Lifting Theorem

Feasible Interpolation

■ Lifting with constant-sized gadgets? (Implies 2Ω(n) monotone circuit lower bound.)
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