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Lower Bounds on Algorithms?

What makes problems computationally hard?




Lower Bounds on Algorithms?
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Lower Bounds on Monotone Circuits?

f:{0,1}" — {0,1}

Size: Number of gates
Monotone: Vi:x; <y; = f(x) < f(y)

Monotone Circuit Lower Bounds

N

-

» [Razborov84, AB85] : k-CLIQUE requires
exponential sized monotone circuits

» [Razborov85] : MATCHING € P requires
super-polynomial sized monotone circuits

» [Tardos88] : TArRDOs € P requires
exponential sized monotone circuits




Lower Bounds on Monotone Circuits?

f:{0,1}" — {0,1}

Connections:

B Communication Complexity

Karchmer—Wigderson games

B Proof Complexity

Monotone Feasible Interpolation

B LP Extension Complexity

Hrubes—Razborov / Gods—Jain—Watson

B Cryptography
Secret Sharing
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Cannot do X | Lifting Theorem > Cannot do X
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v Feasible Interpolation

[BPR97, Kra97]

Lifting Theorem

Resolution Refutations Monotone Circuits

[This talk]

THEOREM \
n-variate k-CNF F nO®) variate function f
e

Resolution width > w Monotone circuit size > nQw)
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Theme of this workshop : Lifting Theorems!

@
v Feasible Interpolation

[BPR97, Kra97]

Lifting Theorem

Resolution Refutations [This talk]

Monotone Real Circuits
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» Wires carry values in IR; Inputs/Outputs € {0,1}.
» Gates compute arbitrary monotone ¢ : R x R — IR.
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» Wires carry values in IR; Inputs/Outputs € {0,1}.
» Gates compute arbitrary monotone ¢ : R x R — IR.

» E.g. Can simulate all monotone neural networks!

Monotone Real Circuits



Theme of this workshop : Lifting Theorems!

@
v Feasible Interpolation

[BPR97, Kra97]

Lifting Theorem
[This talk]

Resolution Refutations

Cutting Plane Refutations < Feasible Interpolatin | Momnotone Real Circuits
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COROLLARY

Monotone (Real) Circuit Complexity of Xor-SAT;, is pn

X : input
I
Xor-Sary, (X) :=1 1 1P ®uvy =0
0 U1 Dvy Duy =1
iff : )
X is un-satisfiable 1 Onn ® Vg1 Bon = 1

> Xor-Sat € NC?
Monotone vs Non-monotone

Separations » MatcuiNnG € RNC?  [Razborov 85]
» Tarpos € P [Tardos 88]
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COROLLARY
)

Monotone (Real) Circuit Complexity of Xor-SAT;, is on,

Method of
Approximations

> Xor-Sat € NC?
Monotone vs Non-monotone

Separations » MatcuiNnG € RNC?  [Razborov 85]

» Tarpos € P [Tardos 88]
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Lifting theorems!

Lifting Theorem
[This talk]

Resolution Refutations

Monotone Real Circuits
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Lifting theorems!
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Lifting theorems!
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Resolution Refutations Monotone Circuits

Query Complexity Communication Complexity




Communication Complexity [Ya079]

e
o0

CC(R) := number of bits

Search Problem R
Relation RC X x Y x O

Alice: xeX
Bob: yey
Output: o0 € R(x,y)
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Communication Complexity [Ya079]

Ag(x)

[30@,{ Ew)]
o & 6 o
/\

b

CC(R) := number of bits
= depth of protocol tree

Search Problem R
Relation R C X x Y x O

Alice: xeX
Bob: yey
Output: o0 € R(x,y)



Communication Complexity <—> Monotone Circuits

[Karchmer-Wigderson 88]
Search Problem mKW f

O
®/ \® monotone f : {0,1}" — {0,1}

’\ Alice:  xe f1(1)
@ Bob: y e f~10)
a/ ’\@ Output: ist x;=1,1,=0
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Communication Complexity <—> Monotone Circuits

[Karchmer-Wigderson 88]
Search Problem mKW f

O
®/ \® monotone f : {0,1}" — {0,1}

’\ Alice:  xe f1(1)
@ Bob: y e f~10)
/‘ ’\ Output: ist x;=1,1,=0

Z3 < gate(x) > gate(y)
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Communication Complexity <—> Monotone Circuits

O)
®/ \®

o4
d

[Karchmer-Wigderson 88]
Search Problem mKW f

monotone f : {0,1}" — {0,1}
Alice:  x € f71(1)

Bob: ye f_l(O)
Output: ist. x; =11, =0

Theorem [KW 88]

CC(mKWy) = Mon-Circuit-depth(f)
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Communication Complexity <—> Monotone Cireuits Formulas

[Karchmer-Wigderson 88]

/®\ Search Problem mKW f
monotone f : {0,1}" — {0,1}
» @

’\ Alice:  xe f1(1)
@ Bob: y e f~10)
B/ ’\@ Output: ist x;=1,1,=0

[ Theorem [KW 88]

CC(mKW¢) = O(log(Mon-Formula-size(f)))
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Lifting Theorems!

q@ :
Formulas

Resolution Refutations Monotone Cireuits

Karchmer
\/ Wigderson 88

Query Complexity | Lifting Theorem > Communication Complexity




Query Complexity

Search Problem S
2 =0 22" Relation S C {0,1}" x O

22:1

Input: z € {0,1}"

o / \T ; Output: 0 € S(z)
a (b

DT(R) := number of bits queried

= depth of decision tree
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Resolution Refutations

unsatisfiable F = FF AR A--- A Fy
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Resolution Refutations

unsatisfiable F = FF AR A--- A Fy

(z1V22) (mz1Vz2) (—z2)
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Resolution Refutations

resolvez, - unsatisfiable F = Ff AF, A -+ A Fy

resolve zq (22)

S

(z1V22) (mz1Vz2) (—z2)
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Query Complexity <= Resolution Refutations

Search Problem S r
resolvez, - unsatisfiable F = Ff AF, A -+ A Fy

resolve z (ZZ) InPUt ¥AS {0’ 1}”

M Output: i st. Fi(z) =0

(z1V22) (mz1Vz2) (—z2)
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Query Complexity <= Resolution Refutations

Search Problem S r

2 =0 y unsatisfiable F = FF AR A--- A Fy
2o Input: z € {0,1}"
\ Output: i st. Fi(z) =0
(z1V22) (mz1Vz2)  (722)

z1Vz
&

Folklore Observation

DT(Sz) = Resolution-depth(F)
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Lifting Theorems!

4
.

Resolution Depth Monotone Formulas

Karchmer
Folklore!H H Wigderson 88

Query Complexity | Lifting Theorem > Communication Complexity




Query-to-Communication Lifting

SC{0,1}"x0O

Sog"CA"xV'xO

21 Z2 Z3 Z4 25

Indexing Gadget

g : [m] x{0,1}" — {0,1}
g(xy) = yx

m= no(l)

Compose with e
T g:Xxy%{0,1}>
& @

X1 Y1 X2 Y2 X3 Y3 X4 Y4 X5 Y5

Lifting Theorem [Raz-McKenzie 99, ...]

Fixed g, such that for all S:
CC(Sog") > Q(DT(S) - logm)

10/23



Lifting Theorems!

4
.

Resolution Depth Monotone Formulas

Karchmer
Folklore!H H Wigderson 88

Query Complexity | Lifting Theorem > Communication Complexity

11/23



Lifting Theorems!

4
.

Resolution Depth Monotone Formulas
Folklore! H H farchmer
Query Complexity | Lifting Theorem Communication Complexity

Raz-McKenzie 99

11/23



Lifting Theorems!

l [Raz-McKenzie 99, ...] I

Monotone-NC 11 SZ Monotone-NCt

Resolution Depth Monotone Formulas
Foee || { sms, o
Query Complexity | Lifiing Theorem Communication Complexity

Raz-McKenzie 99
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Lifting Theorems!

l [Raz-McKenzie 99, ...] I

Monotone Formula Complexity of Xor-SAT, is on,

Bottleneck: Decision Trees & Communication Protocols are all tree-like objects.

Challenge: We need to study DAG-like objects!

Resolution Depth Monotone Formulas
Foee || { sms, o
Query Complexity | Lifiing Theorem Communication Complexity

Raz-McKenzie 99
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Communication dags [Razborov 95, Sokolov 17]

Unprovability of Lower Bounds on Circuit Size in
Certain Fragments of Bounded Arithmetic

Alexander A. Razborov*
School of Mathematics
Institute for Advanced Study
Princeton, NJ 08540
and
Steklov Mathematical Institute
Vavilova 42, 117966, GSP-1
Moscow, RUSSIA

To appear in Izvestiya of the RAN

Abstract

We show that if strong pseudorandom generators exist then the statement “o
nfte8" ) for SATISFIABILITY” is not refutable in S3(a).
on in S}(a). this is proven under the weaker assumption of the ence of
rators secure against the attack by small depth cireuits, and for another sys
strong enough to prove exponential lower bounds for eonstant-depth cire
shown without using any unproven hardness assumptions.

encodes a circuit of s
For refuta

lso viewed as dire
ms” of cl:

sults can &

orollaries of interpolation-like theorems
for ce

n “split ve s of Bounded Arithmetic introduced in

this paper.

“Supported by the grant # 93-6-6 of the Allred P. Sloan Foundation and by the grant # 93-011-16015
of the Russian Foundation for Fundamental Research
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Communication dags [Razborov 95, Sokolov 17] FCXXxYVxO

Communication Tree: m
Bow)]  [Biw)]
v &3 o
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Communication dags [Razborov 95, Sokolov 17] FCXXxYVxO

Communication Tree: Ag(x)
Every node v corresponds to rectangle R, C X x ) such that, / \
e Root: Rypot = X' x ) Bo(y) Bi(y)
o Internal node: Ry, = R, U Ry / \ é \h
(a ] Ap (x)
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Communication dags [Razborov 95, Sokolov 17] FCXXxYVxO

Communication Tree: Ay (x)
Every node v corresponds to rectangle R, C X x ) such that,

« Root: Regot = X' X ) Bo(y)|  [Bi()]

e Internal node: R, = R, LIRy, /
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Communication dags [Razborov 95, Sokolov 17] FCXXxYVXxO

Communication Tree: Ap(x)
Every node v corresponds to rectangle R, C X x ) such that, / \
« Root: Regot = X' x V (Bov)]  [Biw)]
o Internal node: R, = R, U Ry, / \ é \h
o]
o Leaf: Ry is labelled by 0, € O / \
valid answer to F for all (x,y) € R
( y) 4 b
Yy
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Communication dags [Razborov 95, Sokolov 17] FCXXxYVXxO

Communication Tree: Ap(x)
Every node v corresponds to rectangle R, C X x ) such that, / \
¢ Root: Ryt = X' X ) [Bo(y)| [By(y)|
o Internal node: Ry, = R, LI Ry / \ é \E
(a ] Ap (x)
e Leaf: Ry is labelled by 0, € O / \
valid answer to F for all (x,y) € Ry B 3
c
Yy

No need for an “explicit” Alice/Bob reference!
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Communication dags [Razborov 95, Sokolov 17] FCXXxYVxO

Communication DAG: O
Every node v corresponds to rectangle R, C X x ) such that, / \

e Root: Rygot = X X )V / \ / \
o Internal node: Ry—=R; Ry Ry C R, URy l, ><D><C¢]

o Leaf: Ry is labelled by 0, € O Y @ D
valid answer to F for all (x,y) € Ry é><é/ é
X R
RH
No need for an “explicit” Alice/Bob reference!
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Communication dags [Razborov 95, Sokolov 17]

Communication DAG:

Every node v corresponds to rectangle R, C X x ) such that,

e Root: Rroot =X x)

e Internal node: Ry=R; Ry Ry € Ry, URy

o Leaf: Ry is labelled by 0, € O
valid answer to F for all (x,y) € Ry

dag®(F) := log number of nodes in DAG.
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Communication dags [Razborov 95, Sokolov 17]

Communication DAG:

Every node v corresponds to rectangle R, C X x ) such that,

e Root: Rygot = X X )V

e Internal node: Ry=R; Ry Ry € Ry, URy

o Leaf: Ry is labelled by 0, € O
valid answer to F for all (x,y) € Ry

dag®(F) := log number of nodes in DAG.

Theorem [Razborov 95, Sokolov 17]

dag®(mKWy) = log Mon-Circuit-Size(f)
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Lifting Theorems!

=
.

Resolution Refutations Monotone Circuit Size
[Razborov 95]
[Sokolov 17]

Query Complexity | Lifiing Theorem > Dag Comm. Complexity
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Query dags



Query dags SC{01}"x0O
/N
o B o
/ \

(b

Decision Tree:



Query dags $C{01}"x0

Decision Tree:
Every node v corresponds to sub-cube C, C {0,1}11 such that,

21
e Root: Croot = {0,1}"

SN AN\

(o]
B/ \

KoKk Kk ok ok Xk Xk Xk %k Xk
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Query dags SC {0,1}” x O

Decision Tree:

Every node v corresponds to sub-cube C, C {0,1}11 such that, / \
e Root: Cyoot = {0,1}71
¢ Internal node: C, = C, LICyy a g
m c

() * =k %k sk ok ok ok ok %
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Query dags SC{0,1}"x0

Decision Tree:
Every node v corresponds to sub-cube C, C {0,1}11 such that, / \
e Root: Cyoot = {0,1}71

e Internal node: C, = C, LI Cy / \
a] 26

(b

0 * T sk sk *k % * x
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Query dags SC{0,1}"x0

Decision Tree:

Every node v corresponds to sub-cube C, C {0,1}11 such that, / \

e Root: Croot = {0,1}"

¢ Internal node: C, = C, LICyy / \ g \E

(o
e Leaf: C, is labelled by 0 € O / \
b

valid answer to S for all z € {0,1}"

IENEETIEREIEIES
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Query dags SC{0,1}"x0

Decision Tree:

Every node v corresponds to sub-cube C, C {0,1}11 such that, / \

e Root: Cyoot = {0,1}71

¢ Internal node: C, = C, LICyy / \ g \E

(o
e Leaf: C, is labelled by 0 € O / \
(b

valid answer to S for all z € {0,1}"

DT(S) := max width of a node

IENEETIEREIEIES
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Query dags SC{0,1}"x0

Decision DAG: 0
Every node v corresponds to sub-cube C, C {O,l}" such that, D/ \‘D
¢ Root: Croot == {0,1}” / \ / \

e Internal node: C, = C, UCy

00

o Leaf: C, is labelled by 0 € O D
valid answer to S for all z € {0,1}" ><é/

O
!
O
@

88—

DT(S) := max width of a node
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Query dags SC{0,1}"x0

Decision DAG: 0
Every node v corresponds to sub-cube C, C {O,l}" such that, / \‘

¢ Root: Croot = {0’1}71 / \ / \

e Internal node: C,=CHCpy C, C C, UCy i ><D><C¢]
o Leaf: C, is labelled by 0 € O i & D

valid answer to S for all z € {0,1}" é><é/ é

dag®(S) := max width of a node
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Query dags SC{0,1}"x0

Decision DAG: O

Every node v corresponds to sub-cube C; C {0,1}" such that, /N
e Root: Croor = {0,1}" /D\ /D\
o Internal node: Cp-=—CpdCoqr Cp C C, UCyp i ><D><C¢]
o Leaf: Cy is labelled by 0 € O i & O

valid answer to S for all z € {0,1}" é><é/ é

dagdt(S) := max width of a node

) C, C C, UCy
Co=1*x0*x*%x0**x1x*

1 %00 % % x % % %

Cp= **%x*1%x0Qx%x%x1x

(@)
S
I
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Query dags
Decision DAG:
Every node v corresponds to sub-cube C, C {0,1}" such that,

e Root: Croot = {0,1}"
e Internal node: C,=CHCpy C, C C, UCy

o Leaf: C, is labelled by 0 € O
valid answer to S for all z € {0,1}"

dagdt(S) := max width of a node

Theorem CU
dag®(Sz) = Resolution-Width(F) Cu

SC{0,1}"x0O

Co € CuUCy
1x0*x*%x0*x*x1x*

1 %00 *% k% % *x %
* ok ok T ok (Q ok ok ] ok
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Query dags
Explorer vs. Adversary game: [Pud00, AD08]
o Game state is p € {0,1, *}".

o In each round, Explorer makes a choice:

Query. Explorer chooses i € [n]
Adversary responds b € {0,1}
Update p; = b

Forget. Explorer chooses i € [n]

Update p; = *

e Game ends when solution to S can be deduced from p.

dag?t(S) := least d such that,
Explorer has a strategy that maintains p of width < d.

Co
Cu
Caw

SC{0,1}"x0O

Co € CuUCy
10 %%x0*x*x1 x

1 %00 % % x % % %
ok ok ]k (0 kox ] ok
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Lifting Theorems!
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Resolution Refutations Monotone Circuit Size
[Razborov 95]
[Sokolov 17]

Query Complexity |  Lifting Theorem > Dag Comm. Complexity




Lifting Theorems!

=
.

Resolution Width Monotone Circuit Size

Pud00, AD08] " \/ [Razborov 95]
e ] [Sokolov 17]

Dag Query Complexity | Lifiing Theorem > Dag Comm. Complexity




Lifting Theorems!
sC{0,1}"x0O Sog" C [m]" x ({0,1}")"

Compose with
% Indy, : [m] x {0,1}"" = {0, 1>
ogoRcRONG

X1 Y1 X2 Y2 X3 Y3 x4 Y4 X5 Y5

O(dag®(S) -logn) < dag®(Sog")

Lifting Theorem

Dag Query Complexity [GGKS 18] Dag Comm. Complexity
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[Goos-Lovett-Meka-Watson-Zuckerman 16]

+ [Goos-K-Pitassi-Watson 17, Goos-Pitassi-Watson 17]

Rectangles are Non-negative Juntas

&"(R) is like (b1, by, ..., by, %, %, ..., %)
—_— T/

fixed random

R is p-like for p € {0,1,*}" with |fix(p)| < d.

Rectangle R C [m]" x ({0,1}")"
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+ [Goos-K-Pitassi-Watson 17, Goos-Pitassi-Watson 17]

Rectangles are Non-negative Juntas

Rectangle R C [m]" x ({0,1}")" R=L}iR;
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Rectangles are NOH‘ negative Juntas [Go6s-Lovett-Meka-Watson-Zuckerman 16]

+ [Goos-K-Pitassi-Watson 17, Goos-Pitassi-Watson 17]

error { |

Rectangle R C [m]" x ({0,1}")" R=L]R;

» Error R; : contained in m =@ fraction of all rows/columns.
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Rectangles are NOH‘ negative Juntas [Goos-Lovett-Meka-Watson-Zuckerman 16]

+ [Goos-K-Pitassi-Watson 17, Goos-Pitassi-Watson 17]

error { |

Rectangle R C [m]" x ({0,1}")" R=L]R;
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Rectangles are Non-negative Juntas

[Goos-Lovett-Meka-Watson-Zuckerman 16]

+ [Goos-K-Pitassi-Watson 17, Goos-Pitassi-Watson 17]

error { |

Rectangle R C [m]" x ({0,1}")" R=L]R;

» Error R; : contained in m =@ fraction of all rows/columns.

» Non-Error R; : p-like with |fix(p)| < d.

(in fact, support achieved on a single row)
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A
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Proof Outline: dag®(s) < 0(dag®(5 0 g")/ log n)

Pre-processing:

o Partition all Ry = | J; R, each R}, is p-like for |fix(p)| < d. O
(Simplified proof: assume no error rectangles) / \
Extract width-O(d) explorer strategy: /D\ /D\

o Invariant: Game state p : maintain p-like R’ C Ry.

O 0O
1. Root: p=*" and R’ = Rygot = X x V. l >< ><
O 0O

2. Internal node: p=* * * 0 * * * x 1 0 0 * * *

Ry

3. Leaf: Output 0y valid for R D R’ and hence for p. Game ends!
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Lifting Theorems!

Rectangle Triangle

Monotone Real Circuits
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Lifting Theorems!

N9

Rectangle

Key technique. Partitioning triangles into junta-like rectangles!

Triangle

Monotone Real Circuits
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Lifting Theorems!

Lifting Theorem
[GGKS 18]

Resolution Width

Cutting Plane Refutations < Feasible Interpolatin | Momnotone Real Circuits
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» Proof of refutations where lines are Linear Threshold Functions
» Encode clause z1 Vzp V —z3 as z1 + 29 + (1 — z3) > 1.
» Proof of refutation ends in 0 > 1.

Cutting Plane Refutations
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THEOREM

n-variate k-CNF F n°W) variate 2k-CNF F
f—
Resolution width > w Cutting Planes length > n®(®)

» Proof of refutations where lines are Linear Threshold Functions
» Encode clause z1 Vzp V —z3 as z1 + 29 + (1 — z3) > 1.
» Proof of refutation ends in 0 > 1.

Cutting Plane Refutations
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Is there a broader context to these lifting theorems?

(or does it sit alone in a corner?)




Query

Total Search Problem S
unsatisfiable k-CNF F = F{ A --- A Fy,
Input: z € {0,1}"
Output: i st. Fi(z) =0

Communication

Total Search Problem mKW/
monotone f : {0,1}" — {0,1}

Input:  (x,y) € f~'(1) x f~(0)
Output: ist. x;=1, 17, =0
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Query Communication

Total Search Problem S Total Search Problem mKW/
unsatisfiable k-CNF F = F{ A --- A F, monotone f : {0,1}" — {0,1}
Input: z € {0,1}" Input: (x,y) € f (1) x £ 1(0)
Output: i st. Fi(z) =0 Output: ist x;=1,1,=0

Non-deterministic query cost of Sx = k Non-deterministic comm. cost of MKWy = logn



Query Communication

P
Total Search Problem S Total Search Problem mKW/
unsatisfiable &-CNF F = Fy A --- A Fy, monotone f : {0,1}" — {0,1}

Input: z € {0,1}" Input: (x,y) € f (1) x £ 1(0)
Output: i st. Fi(z) =0 Output: ist x;=1,1,=0
& J
Non-deterministic query cost of S = k Non-deterministic comm. cost of MKW, = logn

Observation. [LNNW95] Observation. [Gal01]

{Sr}x is complete for total search problems {mKW f}f is complete for total search problems

with non-deterministic query cost k with non-deterministic comm. cost logn

19/23



TFENP — Total Search Problems in NP

Search

Problems Verifiable in poly time

Solvable in poly time
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TFENP — Total Search Problems in NP B

Search i i i
---- Verifiable in poly time
Problems / o
COLLISION
KKT NasH
FacTor

Solvable in poly time

[Papadimitriou ’91]
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TFNP — Tortal Search Problems in NP B

[Papadimitriou ’91]
FNP

TFNP

I ™

PPP PPA

PPADS

™~

PPAD

CLS

FP
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TFENP — Total Search Problemsin N

FNP

P [Johnson-Papadimitriou-Yannakakis ’85]
[Megiddo-Papadimitriou ’89]

Pigeon-hole Principle

w7
TFNP
1

[Papadimitriou ’91]

degree vertex has another

PPP PPA ﬁ Every graph with an odd-

PPADS

Every dag

has a sink P
CLS

FP

PAD
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TFNP — Total Search Problems in NP B

[Papadimitriou ’91]

FNP
T Pigeon-hole Principle
TFNP
!
PPP PPA Every graph with an odd-
PLS T degree vertex has another
PPADS
Every dag \
has a sink PPAD
2 M9t query
CIT‘S Mo
FP 2 M€ : communication

Complexity Classes in Communication Complexity Theory [Babai-Frankl-Simon 86]

The Landscape of Communication Complexity Classes [Goos-Pitassi-Watson 15]
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Lifting Theorems!

4
.

Resolution Depth

Folklore! ﬂ

Query Complexity

Monotone Formulas

Karchmer
Wigderson88

Lifting Theorem

[Raz-McKenzie 99] Comm. CompleXIty
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Lifting Theorems!

Resolution Depth

Folklore! ﬂ

Fpdt

Monotone Formulas

Karchmer
Wigderson88

Lifting Theorem
[Raz-McKenzie 99]
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Lifting Theorems!

=
.

Resolution Width Monotone Circuits
Razborov95s
[Pud00, AD08]™ H H
Sokolov17

Lifting Theorem

Query Dags [GGKS 18] Communication Dags
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Lifting Theorems!

R %
v ‘ Every dag
has a sink

Resolution Width Monotone Circuits
Razborov95s
[Pud00, AD08]™ H H
Sokolov17

Lifting Theorem

PLS [GGKS 18] PLS™
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Lifting Theorems!

4
.

[F-Nullstellensatz

Pitassi
Robere18

Algebraic Gaps

Monotone F-Span Programs

[

Lifting Theorem
[Pitassi-Robere 18]

Algebraic Tiling
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Lifting Theorems!

4
.

[F>-Nullstellensatz Monotone [F»>-Span Programs

Eiotﬁzi 8 H [GKRS 19] [GKRS 19] ﬂ Galo1

Lifting Theorem

P PAdt [Pitassi-Robere 18] g PACC

Every graph with an odd

degree vertex has another




TFNP in Query & Communication

FNP
!
TFNP
/ >
PPP PPA
PLS I |
PPADS
\
PPAD
CLS
!

FP



TFNP in Query & Communication

FNP
TFNP
/PFT)P \ PPA — IF>-span programs
R NS, degree
circuits ~ PLS T 2
dag-like resolution PPADS
PPAD
CLS
T - formulas

tree-like resolution
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TFNP in Query & Communication

FNP

PPP PPA  PPA, —

w
/T T N\

.c‘lrcults : ~ PLS T
dag-like resolution PPADS

\PPAD
/

CLS

T formulas

tree-like resolution

IF,-span programs
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TFNP in Query & Communication

FNP

T
TENP ‘——_\
/ T \ IF,-span programs

PPP PPA  PPA, —
R P NS degree
circuits ~ PLS T 4
dag-like resolution PPADS
\ _[ [G66s-K-Sotiraki-Zampetakis 19] L
PPAD » studies PPA, in Turing machine world
/ (concurrently by [Hollender 19])
CLS
» natural complete problem based on
T B formulas Chevalley-Warning theorem.
tree-like resolution » potentially captures many more

natural problems!




In Conclusion...

Resolution Lifting Theorem Monotone Circuits
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In Conclusion...

Resolution

Cutting Planes

Lifting Theorem

Feasible Interpolation

Monotone Circuits

Monotone Real Circuits

circuits

resolution width

— PLS

FNP

TFNP

PPP

PPADS

GIES

FP

™~

PPA, —

PPAD

formulas

resolution depth

IFp-span programs

NSII'V degree
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In Conclusion...

Resolution Lifting Theorem Monotone Circuits circuits

Cutting Planes Feasible Interpolation Monotone Real Circuits

PLS

resolution width

FNP

T

TFNP

/1T
PPP
T

PPADS

GIES

FP

\
PPA,

|

PPAD

formulas

resolution depth

IF)-span programs

NSk p degree

Open Questions

Lifting with constant-sized gadgets? (Implies 29(") monotone circuit lower bound.)
Lifting for dag models with other shapes? (We showed for rectangles and triangles.)
Exponential monotone circuit lower bound for PERFECT-MATCHING?
Characterizations & Lifting theorems for other TFNP subclasses?

TFENP characterizations of Proof systems & Computational models?




In Conclusion... 7
TFNP
\ F,-s; o .
. . o /PPP pPA, p-span programs
Resolution Lifting Theorem Monotone Circuits circuits bLS 4 NS, degree
resolution width PPADS I
\
PPAD
CLS
Cutting Planes Feasible Interpolation | Monotone Real Circuits * formulas
P
resolution depth
(. J
Open Questions N

Lifting with constant-sized gadgets? (Implies 29(") monotone circuit lower bound.)
Lifting for dag models with other shapes? (We showed for rectangles and triangles.)
Exponential monotone circuit lower bound for PERFECT-MATCHING?

Characterizations & Lifting theorems for other TFNP subclasses? Thanks!

TFENP characterizations of Proof systems & Computational models? Questions?




